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Abstract 



We construct a Neveu-Schwarz-Ramond superstring model which is invariant un- 
ci^ I der supersymmetric U(1)vxU(1)a gauge transformations as well as the super-general 
coordinate, the super local Lorentz and the super- Weyl transformations on the string 
world-sheet. We quantize the superstring model by covariant BRST formulation a 
la Batalin and Vilkovisky and noncovariant light-cone gauge formulation. Upon the 
quantizations the model turns out to be formulated consistently in 10+2-dimensional 
background spacetime involving two time dimensions. 



1 Introduction 



It is the purpose of this paper to cast some further hght upon constructions of theories 
involving two or more time dimensions. We propose an exphcit Lagrangian description to 
the end from the viewpoint of string theory. It might be a clue for understanding the origin 
of time and spacetime itself to consider the physics in which two or more time coordinates 
are introduced. 

Prom the point of view of the string unification, the relations between string theories 
in various dimensions have been studied and it was also conjectured that all of these string 
theories were regarded as different phases of an underlying theory in higher-dimensional 
spacetime. Meanwhile, the idea of extra time dimensions, which might be hidden dimen- 
sions, was suggested and studied. In this context, several unitary theories formulated in 
spacetime with extra time coordinates were investigated from various viewpoints [1-13], 
such as super p-brane scanning [1], N — 2 heterotic string theories [2], the perspective for 
F-theory [3,4], two-time physics [5-8], 12-dimensional super Yang-Mills and supergravity 
theories [9], super (2,2)-brane [10] and superalgebraic analysis [11]. 

The study in this paper is focused on a model which is constructed in spacetime involv- 
ing two time dimensions, although our idea for introducing extra time dimensions might 
be applied to formulate other theories involving more than two time dimensions. In par- 
ticular, we would like to investigate a superstring model which is consistently formulated 
in 10+2-dimensional background spacetime. Our approach might make some connections 
to other models [1-13] from more fundamental and unified point of view. 

Some years ago, one of the authors (Y.W.) had proposed a model which has a U(l)vX 
U(1)a gauge symmetry in two-dimensional spacetime and also applied the idea to string 
theories [14, 15]. The striking feature of these models is that extra negative norm states 
appear besides usual ones and these are removed by the quantization procedure as the 
same as string theories. This fact suggests two time coordinates might be introduced in 
the background spacetime. For the U(1)vxU(1)a bosonic string model, we explicitly carried 
out the quantization by covariant BRST and noncovariant light-cone gauge formulations 
and showed the critical dimension was 26+2 including two time dimensions [16]. 

This paper is a continuation of our work [16]. We wish to introduce supersymmetry 
into our previous U(l)v x U(1)a bosonic string model. The extensions are considered 
by two ways i.e. by introducing the supersymmetry on the string world-sheet (Neveu- 
Schwarz-Ramond model) and on the background spacetime (Green-Schwarz model). In this 
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paper we focus our attentions on the U(l)v x U(1)a NSR superstring model. We propose 
an explicit Lagrangian description of the supersymmetric model by using the superspace 
formulation [17] and study the quantization. A subject for the Green-Schwarz superstring 
model based on our framework will be discussed in an additional work elsewhere [18]. 

The U(l)v X U(1)a superstring model is constructed as gauge field theory on two- 
dimensional world-sheet. Although the similar models were investigated in refs. [6,12], 
an advantage of the formulation of our model is its manifest covariant expression in the 
background spacetime by using the U(l)v x U(1)a gauge symmetry, so that we can easily 
carry out the quantization with preserving the covariance. An obtained gauge-fixed action 
might be useful for the perturbation theory. That is the U(l)v x U(1)a gauge symmetry 
is essential in our model. In the formulation, the generalized Chern-Simons action [19] 
proposed by Kawamoto and one of the authors (Y.W.) as a new type of topological action 
plays an important key role. In fact, the generalized Chern-Simons action is introduced 
for the action to be covariant. 

As we mentioned in the previous paper [16], there are two remarks for the quantization. 
These are also inherited to our superstring model. Firstly the action has a reducible 
symmetry which originally arises from gauge structures of the generalized Chern-Simons 
action [20]. Secondly the gauge algebra is open. In the covariant BRST quantization of 
the system including reducible and open gauge symmetry, we need to use the formulation 
developed by Batahn and Vilkovisky [21]. By adopting this method we exphcitly show the 
covariant quantization is successfully carried out in the Lagrangian formulation. 

In order to treat the dynamics of our model more directly, we also quantize the same 
model in noncovariant light-cone gauges. The suitable noncovariant gauge conditions can 
be imposed by residual symmetries of the supersymmetric U(1)vxU(1)a gauge symmetry 
and we can then solve all of the gauge constraints explicitly. We can also confirm that the 
existence of two time coordinates is not in conflict with the unitarity of the theory, since 
these are required by our "gauge" symmetry. 

As an important feature of quantum string models, one can argue the critical dimension 
of the background spacetime [22-24]. In usual superstring theories, the critical dimension 
is 9-1-1 [25]. For our superstring model, the critical dimension turns out to be 10-1-2. We 
obtain this result directly from both the BRST and the noncovariant light-cone gauge 
formulations. 

This paper is organized as follows: The brief review of the U(l)v x U(1)a bosonic 
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string model is provided in Section 2. Then, we introduce the U(l)v x U(1)a superstring 
model involving = 1 supersymmetry on the world-sheet in Section 3. In this section, 
symmetries and semiclassical aspects of the U(1)vxU(1)a superstring model are explained. 
The covariant quantization for the model based on the Lagrangian formulation is presented 
in Section 4. In this section we investigate perturbative aspects of the quantized model 
and determine the critical dimension of our U(1)vxU(1)a superstring model. In Section 
5, the quantization under noncovariant light-cone gauge fixing conditions is carried out. 
We then study the symmetry of the background spacetime and obtain the same critical 
dimension by direct computation of the full quantum Poincare algebra. We also present a 
mass-shell relation of the model and discuss low energy quantum states. Conclusions and 
discussions are given in the final section. Appendixes A, B and C contain our notational 
conventions. 



2 U(l)v X U(1)a bosonic string model 



The U(1)vxU(1)a bosonic string model [14-16] described by two-dimensional field theory 
consists of scalar fields ^\x), and (p\x), gauge fields Am{x), B^{x) and C{x) and 

the metric gmn{x). We shall consider closed string theories throughout this paper. The D 
scalar fields C,\x) are considered to be string coordinates in D-dimensional flat background 
spacetime with the metric: 
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D-3) 



(2.1) 



The indices I and J run through 0, 1, 2, . . . , D — 3, 0, 1. As we will explain, the unitarity 
of the theory requires two negative signatures to the background metric rjjj 1)2.11) . because 
the U(1)a gauge transformation as well as the general coordinate transformations removes 
a negative norm state. 

The covariant action of the bosonic U(l)v x U(1)a string model [16] is 

1 



[2.2) 



where we denote 

1 



and g{x) = det gmn{x)- The last two terms in ()2.2p arise from the generahzed Chern-Simons 
action [19] formulated in two-dimensional spacetime. The action ()2.2p is invariant under 
the following gauge transformations including U(l)v xU(1)a gauge transformations [16], 



6^ = v'cjy 



mn 



e 



66^ = 0, 



(2.3) 



bgmn = 0. 

The parameters (^v{x),u^ (x)^ and (^v' (x) , u'^ (x)^ correspond to the vector U(l) transfor- 
mations "U(l)v" and the axial vector U(l) transformations "U(1)a", respectively. Al- 
though the scalar field (p^i^x) might be gauged away by using the gauge degree of free- 
dom for u'^{x), we leave this gauge degree of freedom in order to keep the U(l)v x U(1)a 
gauge structure. The gauge transformations corresponding to the gauge parameters u^{x) 



and w"^{x) = e"^"'Wn{x) / y —g{x) originally come from the generalized Chern-Simons the- 
ory [19]. The action ()2.2j) is also invariant under the general coordinate and the Weyl 
t r ansf ormations 
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k^'dnA"' - dnk'^A'' + 2sA"', 


6(j)^ = 




50^ = 


k'^dn^', 


SB""^ = 


k^'dnB"'^ - dnk'^B''^ + 255"^^ 


6C = 


k^'dnC + 2sC, 


^gmn 


k^digmn + dmk^gin + dnk^gmi - 2sg,, 



(2.4) 



where k"'{x) is a parameter for the general coordinate transformation and s{x) is a scaling 
parameter for the Weyl transformation. The transformations ()2.3j) and ()2.4|1 are all local. 



It is worth to mention about some algebraic structures of the symmetry. The first 
is a reducibihty of the symmetry. The system is on-shell reducible because the gauge 
transformations ()2.3|) have on-shell invariance under the following transformations of the 
gauge parameters with a reducible parameter w'{x), 



S'u' = w'(t)\ 



ST'.,/ _ 

(2.5) 

Since the transformations ()2.5|) are not reducible anymore, the action ()2.2p is called a first- 
stage reducible system. The second is that the gauge algebra is open. This means that the 
gauge algebra closes only when the equations of motion are satisfied. Actually, a direct 
calculation of the commutator of two gauge transformations on B^\x) leads to 

52]B^' = ■■■- W1V2 - v'^v{)^d^ct>\ 

where the dots (■ ■ ■) contain terms of the usual "structure constants" of the gauge algebra. 

In addition to the gauge symmetries ()2.3|) and ()2.4p . the action ()2.2j) is invariant under 
the following global transformations. 



= ^'ji' + a\ 

i=l 

50^ = + u^j^'^, (2.6) 
55™^ = rB"^^ + uj^jB"^^ + Y.{(3l + aie^)/i(')'", 

i=l 

5C = 2rC, 

Sgmn = 0, 

where the parameters ujj = —ujji, and r are global parameters for the D-dimensional 
Lorentz transformation, the translation and the scale transformation, respectively. The 
functions h^^^'^(x) are harmonic functions which satisfy Vm^*-*^™(a^) = £™'"Vrrt^i*''(^) — 
(i = 1, 2, . . ., 2g; g = genus of two-dimensional spacetime) and a, and P- are global 
parameters. 

As we have shown in ref. [16], the critical dimension of our bosonic string model ()2.2|) 

is 

D = 28. (2.7) 



This means the quantum U(1)vxU(1)a bosonic string theory is consistently formulated in 
26+2-dimensional spacetime involving two time coordinates. The observation was directly 
obtained from both BRST quantization based on Batalin-Fradkin-Vilkovisky formulation 
and non-covariant light-cone quantization [16]. It would be interesting to extend the model 
by introducing world-sheet supersymmetry as we will explain in this paper. 



In this section we construct a U(1)vxU(1)a string model which holds = 1 supersymmetry 
on the world-sheet i.e. Neveu-Schwarz-Ramond (NSR) type superstring model. In order 
to formulate supersymmetric theory, we use the (1,1) type superspace with coordinates 
z'^^ = (x™, 6"^), (m = 0, 1; /i = 1,2) where 6^ are fermionic coordinates [17]. The 
geometry of the superspace is given in Appendix B. Field variables of two-dimensional 
supergravity are a vielbein Em^^^z) and a connection VLm{z). In particular, we impose 
kinematic constraints on torsion components which are also explained in Appendix B. 



We begin by introducing superfields S^(2;), $^(2), ^\z), \l/"(z) = (cr\I'(2;))", IV^\z) = 
{m\z)Y and K{z) = -i(a)"^A„^(2), instead of the fields ^\x), 0^(x), 0^(x), i™(x). 



scalar superfields, while ^""{z) and Il°'\z) are fermionic spinor superfields on the world- 
sheet. A covariant action for the U(l)v x U(1)a NSR superstring model is then given by 
the similar form to the bosonic string action ()2.2j) . 



The last two terms in (jH.lj) are constructed from the supersymmetric generalized Chern- 
Simons action [15]. 

The action p.ip is invariant under the following local supersymmetric U(l)v x U(1)a 
transformations. 



3 U(l)v X U(1)a NSR superstring model 



B"^\x) and C{x), respectively. The superfields S^(z), ^\z), 



(z) and A{z) are bosonic 
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0, 
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(3.2) 




V{aV)^E' + V'V^E' + {<yV)Jj' + VJj" - iy«$^ 
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5Em^ = 5VtM = 0, 



where the gauge parameters V{z), V'{z), U\z) and U'\z) are bosonic scalar super- 
fields and Wa{z) is a fermionic spinor superfield. The parameters (V{z),U^ (z)^ and 
(V' (z) , U'^ (z)^ correspond to the supersymmetric versions of the vector U(l) transfor- 
mations "U(l)v" and the axial vector U(l) transformations "U(1)a", respectively. Again, 
we leave the gauge degree of freedom for the parameter U'\z) as well as we did in the 
previous section. If this gauge degree of freedom is gauged away, the model turns to be 
the same one which we have discussed in the previous work [15]. The parameters U\z) 
and Wa{z) = {a'W{z))a are related with the symmetries of the supersymmetric generalized 
Chern-Simons action [15]. 

The action 1)3.11) is also invariant under the super-general coordinate, the super local 
Lorentz and the super- Weyl scaling transformations. 





= K^d^E\ 
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= K^'OnEm" 
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+ duK^'EN'^ + ]^EM^L{a) 
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\- SmK^^^n + SmL + Em^s 
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(3.3) 



J 

2 



where the superfields K'^{z), L{z) and S{z) are gauge parameters for the super-general co- 
ordinate, the super local Lorentz and the super- Weyl scaling transformations, respectively. 

Some algebraic structures of the gauge symmetry which we mentioned in the bosonic 
string model are also inherited to the superstring model. The gauge transformations ()3.2p 
have on-shell invariance under the following transformations of the gauge parameters with 
a reducible scalar superfield parameter W'{z), 

(3.4) 

7 



The gauge algebra is also open in the superstring model. Actually, a direct calculation of 
the commutator of two gauge transformations on tl^^i^) leads to 

where the dots (■ ■ ■) contain terms of the usual "structure constants" of the gauge alge- 
bra. From the points of view of these structures of the gauge symmetry we may adopt 
the Batalin-Vilkovisky formulation [21] which allows us to deal with reducible and open 
gauge symmetries to obtain covariant gauge-fixed theories. The on-shell reducibility is the 
characteristic feature of the gauge symmetry for the generalized Chern-Simons action and 
the quantization of such a system has been discussed in the previous works [20]. 

In addition to these gauge symmetries ()3.2|) and ()3.3p . the action 1)3.11) is invariant under 
the following global transformations, 

■t=i 

5¥ = r¥ + uj^j¥, (3.5) 

i=l 

5A = 2rA, 
= = 0, 

where ujj = —ujjj, , r, ai and /?/ are all constant parameters. Poincare symmetry 
is 180(1^ — 2,2) as the same as that of the bosonic model in the previous section. The 
functions Hj^'^ (z) result in harmonic functions on two-dimensional superspace which satisfy 
PijC') = T>(jH^'^^ = (i = 1,2, ... ,4:g; g = genus of two-dimensional spacetime). 

Now we introduce component fields for the superfields. In two-dimensional supergravity, 
we impose Wess-Zumino gauge for the vielbein Em^{z) and the connection VLm{z) whose 
explicit forms are given in Appendix B. The other superfields are expressed as 

E' = e + i{ex') + \mF' , 

¥ = <p' + i{eK') + '-{ee)G', 

¥ = + i{e-K')+'-{ee)G\ (3.6) 

8 



A = -2i(h + i{eTi) + ^-{ee)c). 

The U(l)v X U(1)a gauge parameters are also expressed as 

V = v + i{e^i) + ^-{ee)M, 
V' = v' + i{efi') + ^{ee)M', 

= u^ + i(eu^) + 1(^00) (3.7) 

Before presenting the component expression of the classical action ()3.H1 . we would like 
to clarify the gauge structure of physical component fields in the U(1)vxU(1)a superstring 
model. In terms of the component fields, the gauge transformations ()3.2j) are written down 
as 

6X' = M', 
6X = M, 

~ X / z \ % 

4 ^ / a 2 z 

S^^ = u'^, 
Shi = v'l, 
SG^ = N'\ 

Spi = -{{va - v')X')^ + {cxu')^ + v'l - f,/, 
bY" = v'F^ + \{{p-a - p')X^) + N'^ + '-{fn^) - /y, 
= -yF' + ^((/i - '-{fan') - 

9 



\ / 1 \ 1 % 

+ -gmn£''\diU^ - -{l^^Xl)) + d-mU'^ - -{l^'^Xm) " ^{rarr^n') - Wm(l>\ (3. 
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+ ^(cr"^V„f), - i (a^ifa + f' + Wna^Xm) + r„, 
5(7 = {dmv' - ^(/x'x„.)) (i"^ - ^(V^aV^Xn)) 

_^^-(^crV^Xn) + l{Xma''a"^Xn)X' 
+2z(/iV) + l(^a™V„/i') + ^(/xV^V^V^) - + Xa + i„a")x„^) 

-2M'{X' + ^(V^a^x™)) - ^(XmCrV"^V„f) - l-e"^-(faVmXn) 

= Sni = 6G^ = 0. 

By using the trivial gauge degrees of freedom for the parameters fia{x), M'{x), M{x), 
I'iix), N'\x), N\x), f\x) and Ta{x) in the gauge transformations ()3.8p . we can 
impose gauge fixing conditions* 

';p^ = X' = X = -Ki=pi = Y" = Y' = H = Ti^ = Q. (3.9) 



*As the U(1)vxU(1)a gauge symmetries are essential in our string models, we would like to keep these 
symmetries without gauging away the field 4>^ {x). 
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In order to compensate the Wess-Zumino gauge ()B.17j) in two-dimensional supergravity 
within the gauge (|3.9p . the U(l)v x U(1)a gauge parameters should be field dependent. 
From the gauge transformations ()3.8|) and the corresponding super-general coordinate, 
super local Lorentz and super- Weyl transformations ()B.30a|) and ()B.30b|) for the fields 
i^aix), X'{x), X{x), K^(a;), pi{x), Y'\x), Y\x), H{x) and vrQ,(x), the gauge parameters 
allowed within the Wess-Zumino gauge ()B.17|) and the gauge ()3.9|) take the following forms, 

M' = -z(C^) + '-{CaVxm)An, 

^ . " . . (3.10) 

AT'/ = -v'F' - l(f«:0 + ^(Ca^A^in. - ^(Cp') + \{Ca"^ a^' Xm) 

r = 0, 

+ \(a"^{fa + Wna'')Xra)^-CaC. 
The classical action for the U(l)v x U(1)a superstring model (j3.ip is then expressed by 
S = j d^xej - - ^(AV™9^A,) 

+ Ux,a^a''Xm)dne - ^(x™^V"^Xn)(A'A,) + ]-F' 
Z lb 2, 

-g^^drr^^'dr^h + &Gi 

+ {A^dme + ^(V^AO)07 + B^'dmh + ^{P'^^l) - \c<p'h]. (3.11) 

where we redefine some of the fields as follows, 

4 (3.12) 

pi + ^5„0'(^V'"xn). - IaU^^X% - -^BUa-a^Xn). - pl 

Under the field redefinitions ()3.12|) . the gauge transformations within the Wess-Zumino 
gauge ()B.17|) and the gauge (j3.9p are given by 

5e^ = ^y + ra„e' + ^(CAO, 
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SF' = v'G' - i{ii'K') + k^d^F' - tm<p' - '-{Ca^a^Xm)dne 

+^(Ca™V^AO + ^(CAO(x„.crV"^Xn) - ^(C^"X™)i^' + sF' , 

e 2 
Z o 

S^' = u'^ + (3.13) 
= -^'F^ - '-[tk') + r9„G^ - i{Cp') - '-{C^'^Xm)G' + sG^ 

o 

z 13 

5C = dravA"^ - vVmA"^ + 2t{p'^) + V„^i)"^ + FS^G - ^(Ca™Xm)C' + 2sC, 

where we use the covariant derivative Vm for the torsion free connection ujmix) defined via 
()A.12|) . ()A.13|) . ()A.16|) and ()A.20|) and we also redefine the gauge parameter w"^{x) as 
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Let us consider the reducible symmetry. By introducing the reducible parameter W'{z) 

as 

w' = w' + i{ew') + ^{ee)w', (3.15) 

the reducible transformations (|3.4|) are expressed in terms of the component fields 

(3.16) 

6'f = w', 
e 

where we use the redefinition of the gauge parameter ()3.14|) . One can easily check the 
reducible transformation (j3.4j) is also consistent with the Wess-Zumino gauge. 

Now we are going to an on-shell formulation of the model by eliminating the "auxiliary" 
fields F\x), G\x), G\x), and Pa{x). All of the gauge transformations for these 

auxiliary fields are proportional to the equations of motion, so that we can eliminate these 
fields within the on-shell formulation. Then, the action p.llj) becomes the following form. 



S = J d^xej - - ^(AV™9^A,) 



2 lb 



-g'^^'dm^'dnh + {A"'dU' + ^(V^A^))0/ + B^^'dmh - ^C-^V/}, (3.17) 



and the gauge transformations are given by 
5e^ = ^;y + fc"9„e^ + z(CA0, 

6Xi = f,',<j>' + k^dnXi + {a"^Oa{dme ' ^(X..A^)) - ^/(aA^a + ^^A^, 

Z o 
50^ = m'^ + A;"9„0^, (3.18) 
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e 

^Xma = k'^dnXma + ^^fc^Xna + 2(VmC)a " -j{Xm^(^\l){^C)a 

Since the gauge parameters fa{x) and f{x) disappear from the gauge transformation ()3.18|) . 
the reducible transformations with which we would like to work are 

1 (3.19) 

e 

In addition to the gauge symmetry, the action ()H.17j) is also invariant under the following 
global transformations, 

i=l 

= -r(j)^ + uj'j(j)-^, (3.20) 

i=l 

5C = 2rC, 

We take the classical action (j3.17|) . the gauge transformation (j3.18p and the reducibility 
condition ()3.19|) as the starting point for the quantization we will discuss in this paper. 
The superpartners of the fields (p\x), B"^\x) and C{x) in the generalized Chern-Simons 
action disappear in the action (j3.17j) . since the supersymmetry transformations of these 
fields are trivial. 

Before getting into the quantization of the model, it is worth to mention semiclassical 
aspects of the action (|3.17p . by eliminating gauge fields through their equations of motion. 
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Indeed, this manipulation might be helpful to understand the heart of the model. The field 
(j)^{x) can be gauged away by using the gauge degree of freedom for the parameter u'\x). 
Equations of motion for the fields B"^\x) and C{x) give gauge constraints 




(3.21) 



It is possible to find nontrivial solutions for these constraints if the background spacetime 
metric includes two time-like signatures. In the light-cone notation''', one of the interesting 
solutions which is naturally related with the usual superstring action is (f)~{x) = = 

and = const.. After substituting this solution into the action (|3.17|) . the action 

becomes 

S = I d^xej - ^g'^'^dU'dn^i - ^(AV^S^A,) 

Z Lb 
-(i™a^r + ^(^A-))</)+}. (3.22) 

In the action ()3.22j] . relations dm^~{x) = and A~(x) = are given by the equation of 
motion for y4™(x) and ip°'{x), respectively. Then, the final form of the action becomes the 
usual NSR superstring action 

S = I d^xej - - ^(A'^a^a^A^) 

+ '-(X^a"^a-Xm)dn^' - ^(Xn.^"^™Xn)(A^A^)}. (3.23) 

Thus, the superstring action ()3.23p is regarded as a gauge-fixed version of the action 
(I3.17|) . The scalar field (j)\x) plays an important role for the covariant formulation of 
the U(1)vxU(1)a superstring model in the background spacetime which involves two time 
coordinates. From this manipulation it is suggested that the critical dimension of the back- 
ground spacetime is defined as — 3 = 9, i.e. D = 12. However, the dimension D should 
be determined in the quantum analysis as we will investigate in this paper. We would also 
like to emphasize that the quantization will be carried out with preserving D-dimensional 
covariance. 

^We use a convention of the light-cone coordinates for the background spacetime as = {x'^,x^,x~) 
where x^ = -y={x'^ ± x^) and the index /i runs through 0, 1, . . . , Z) — 3. 
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4 Covariant quantization in the Lagrangian formula- 
tion 



In this section we consider the covariant quantization of the action. As we explained in the 
previous section, the action has first-stage reducible and open gauge symmetries. In order 
to quantize the action we adopt the field- antifield formulation d la Batalin-Vilkovisky [21]. 

In the construction of Batahn-Vilkovisky formulation [26,27], ghost and ghost for ghost 
fields according to the reducibility condition and corresponding each antifields are intro- 
duced. The Grassmann parities of the antifields are opposite to those of the corresponding 
fields. If a field has ghost number n, its antifield has ghost number —n — 1. We denote a 
set of fields and their antifields 

= {^\x),CS'^{x),C'l^{x),...,Ctnx)), 
^*^{x) = (<^:(x),Co%„(x),CiV(x), . . . ,C^,„,(x)), 

respectively. The fields (p^{x) are classical fields, on the other hand, the fields [n = 0, 

1, . . ., A^] are ghost and ghost for ghost fields corresponding to A^-th reducible conditions. 
The classical fields ip'^{x) and the ghost fields have the ghost number and n + 1, 

respectively. Then a minimal action 5'min($, $*) is defined by solving the following master 
equation, 

{S^^i^, S^^i^, $*)) = 0, (4.1) 

with the boundary conditions 



= 'S'classical (</?), (4.2a) 

**=0 

= K:-(*), (n = 0,l,...,Ar). (4.2b) 



Here the antibracket is defined by 

(X Y) = ^^-^^ (A-^) 

In this notation, C*i^_j(a;) = ^*{x) are the antifields of the classical fields (p''{x). The 
terms i?o"^g($) and R'^"^^{^) represent the gauge transformations and the n-th reducibility 
transformations, respectively. The master equation is solved order by order with respect 
to the ghost number. The BRST transformations of fields and antifields are given by 
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Eqs. (14. Ij) and (j4.4j) assure that the BRST transformation is nilpotent and the minimal 
action is invariant under the BRST transformation*. 

Now we apply the Batalin-Vilkovisky formulation to the quantization of our model. 
First of all, we take the action (j3.17|) as the classical action 5'ciassicai- The algebra of the 
gauge transformations (j3.18|) is given by 



[ Sivi), 




] = 6{w"' 


= VidnV2), 


[ Kvi), 




]=6{v = 


k^dnV^, 


[ Kvi), 




] = 6{u' E 




[ S{v[), 




] = 




[ S{v[), 




/ 

] = 




[ K^i)^ 


d[k2) 


1 — 

\ = oiv = 








1 - S(u' -- 






" \r'2J 


] = s(w"' 


— ^''VPl^ P2/ J 5 




6(ko) 


1 = 5(u' -- 

J " yH'a - 








]=S(v = 


if /i'l 0-6)1 + = ifw'iG)! 


[ ^(/i'l) 




] = S{f^'a ^ 


1 ^ 
= -^i(^f^'l)J2), 






] = ^{f^'a ^ 


= 2^'la^2), 


[5{u{), 


5{k2) 


]=6{u'-= 


= ^2 9nUij , 




5{k2) 




= ^2 ^n^i ^ , 




S{k2) 


] = 


= fc2"5„<-9„fc™<), 




5(C2) 


] = S^w"" 


^-^<(C2a'^Xn)), 




Sis2) 


] = 




[ 


m) 


] = 5(A;" e 


= kldik^-k[dik^), 








E —k^dnC2aj , 




] = s{i = 


-kW2), 




KS2) 


] =5(s = 


-kidnS-^, 



UC2^A0)+5(*'" = ^(C2a^ 



-^KC2)i^ 



(4.5) 



* Our convention for the Leipnitz rule of the BRST operation is given hy s(XY) {sX)Y+[-)\^\X{sY), 
where \X\ is a Grassmann parity of the field X. 
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[ 5{ki), 5{S2) ]^5{Sa = -k'ldnha), 



^ e 
+5(1 = 2^{C^a"'C2){u;m - '^{Xmaa^Xn)) 



[ sici), m ] 




^Ca = -2(^Cl)a^2), 


[^(Cl), 5{S2)] 




[(.oc = -^ClaS2) + (^(Sa = -(o-'"Cl)a^mS2) , 


[ 5(Ci), 5{S2) ] 




'l = i^Ci^h)) +5(s = -i{Cih)) +5{s^ = ^(cr"Cl)a(XmS2)) 


[ '^(^l), '^(^2) ] 










= ~2^2aSlj, 


(others) 


= 0. 





In the above gauge algebra, some commutation relations are closed within on-shell, 



[S{v^), S{v'2)]B"^'^S{w)B"^' + v,v'2 



e2 5Bf 
1 8S 



1 5rS. 



^ e OA/ ^ 

-(0.-C2)(..if)^-(G.C2)(.iM 

[ <^(Ci), 5(C2) W = + 2^(Cl^'"C2)-- 



[ S{Ci), S{C2) ]B"'^ = + 5{ij!)B'^^ + S{u^)B"'^ + S{u'^)B"'^ + S{w)B"'^ 

+6{k)B^' + ^(C)^'"^ - 2^(Cia'"C2)-;^- 

e 00/ 

We are now ready to quantize the model in the Batalin-Vilkovisky formulation. 

The classical fields (p'{x) consist of ^^(x), A^(x), A"'{x), i^aix), 4>\x), 4>^{x), B'^^x), 
C{x), em'^{x) and Xmai^)- Here we introduce ghost fields a{x), a'{x), Oi'^{x), b^{x), b'^{x), 

c^{x), d"^{x), 7a(a^), cl{x), cw{x) and Csa{x) corresponding to the gauge parameters v{x), 
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;Uq(x), u^{x), u'\x), w"^{x), k'^{x), (a{x), l{x), s{x) and Sa{x) and a ghost for ghost 
field f{x) to the reducible parameter w'{x). The ghost fields a(x), a'{x), b\x), h'\x), c™'(x), 
dJ^{x), cl{x) and cvK(a;) are fermionic, whereas the ghost fields a'^{x), 7a(x) and cs'a(x) 
and the ghost for ghost field /(x) are bosonic. Since the U(1)vxU(1)a superstring model is 
a first-stage reducible system, the boundary conditions ()4.2b|) with n = 0, 1 correspond to 
the gauge transformations ()3.18|) and the reducibility conditions ()3.19|) . respectively. Then, 
we can solve the master equation perturbatively in the order of antifields. 



classical 



-A*( d^a + g'^^d^a' - + d^d^A"^ - d^d^A^' 

Z o 

1 3 

i 
— 

e 



e 

+i{l\')A'^ - z(7a"^a'^a'xn)5^0' - z(70^"Xn)5"^' + 2c^5"^^ 

-^(d^a'A'^ - o^V^k"' + 2i(aV) + V„c™ + t^^^^C 
-^(7a'"x,n)C' + 2cH/C') 
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i i _ _ 1 _ 1 

-2(7f^'"7)(a'V„,V') - -(7ct7)(q;'VV') - -Cl(q;'Vq;') + -Ciy(Q;'*Q;') 

+h*j{(rdnh^ + i(7A^)a - i(7CTA^)a' + iee^„(7a'"7)S"-^ 

-i (7O-m7)^n0^ + 0^/) 

e ^ 
+6';(d"9„6'^ + i(7a'"7)9„0O 

I ~* / o / mn /o ' / t n rn \ I ■ / f m f\ 

+c^l aa^a — a a^a — t^Icio" Xn)*^ — a a) 

+i(7(7"^7)C' + 2cwc"' + —dnf) 



+ci"(7*a„7) - ^(7<T"^7)(7*Xm) - ^c47*^7) - ^cv^(7*7) 

+cl(^d''dnCL + i(7a™7)(t.;^ - ^{Xm^<j'^Xn)) + ^(65^7)) 
+c^(ci"a„CH^ + i(c57)) 

+d''{c*sdnCs) - 2(7C^'"7)( c^cr^a— (VpXg - -^{Xp^^\i)^Xq 

-2(7^7)(^cJ— (VpXq - -^{Xp^cr^Xi)^Xq)j - dmCw{c*s(j"'-f) 

i 11 
-^{csXm){c*sa""l) + 2(cs^C5)cl - -{c*scs)cw 

-r{d"dnf - i(7«')« + ^(7^«')«' + ie£„.n(7f7"^7)c") }■ (4.6) 

The gauge degrees of freedom are fixed by introducing a nonminimal action which must 
be added to the minimal one and choosing a suitable gauge-fixing fermion. By using the 
gauge parameters for the general coordinate, Weyl, local supersymmetry and super- Weyl 
transformations, we here choose super-orthonormal gauge conditions e^"(x) = 5m'^ for the 
zweibein field and Xmai^) — for the gravitino field. In the same way for the bosonic 
model [16], the U(l)v x U(1)a gauge parameters (v(x),v'(x),ai^, (u^ (x) , u'^ (x) , P-^ and 
w'^ allow to choose gauges A'^{x) = B^^{x) = and C{x) = Cq, where Cq is a constant 
parameter. We also impose a gauge condition dm{eg"^"'eenk(^:'^{x)^ = to fix the residual 
gauge degrees of freedom from the reducibility condition. In addition to these, wc fix a 
gauge ipa{x) = by using the gauge parameter in this supersymmetric model. In 

order to adopt all of these gauge fixing conditions, we introduce the nonminimal action 
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'^nonmiiD 

+d*JZ^, - {P*^Z^) - fc j, (4.7) 

and the gauge-fixing fermion ^ , 

* = y d2x|e£^„a"^i" + eSmnhTB''' + ec{C - Co) + ie{aiP) 

-ed'^aiem" - Sm") + \{rXm) + I d^{eg'^'' eSr^kC^)^. (4.8) 

The antighost fields aJ^{x), hf{x), c{x), d'^ai^) and c'{x) are fermionic, while aa{x) and 
/5™Q,(a;) are bosonic. The auxiliary fields Z^\x), Z^j (x), Z^'^x), Z'^aix) and f{x) are 
bosonic, whereas Z(")(a;) and 2""^ (x) are fermionic^. 

The BRST transformations of the field ^"^{x) and the antifields $^(a;) are now given 

by 

S*"^ = (Smin + 5'nonmin , , = (-^min + ^nonmin , ■ (4-9) 

Then, the BRST transformations of the fields ^"^{x) are 
s^^ = ay + d"9„e^ + i(7A0, 

e 2e ze 

^d'^dnA^ - dnd'^k' + ^(7^™^) - ^(7a"xn)i™ + 2cvyi'", 

i 1 3 

+d''dn'llJa + 7aV„^A" - i(7(T"'Xm)^a " 2(7t^™^)Xma " -^CL{atlj)a + -Cw^a, 

s(t>' = - -(7a"^7)S;^ 

e 

e 

^The auxiliary fields Zm\x), and are equivalent to Z^(x), ^^/(x) and ^°(x) in our 

previous paper [16], respectively. In order to avoid confusing the attached indices a, b and c for Z^{x), 
Z^j{x) and Z''{x) with local Lorentz indices, we have changed the notations. 
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sC = dma'A"^ - a'Wn^A"^ + 2i(aV) + V^c™ + (TdnC - i{na'^Xm)C + 2cwC, 
scm" = dTdnem" + 5mci"e„" + i(7(x"Xm) + CiC^ V - ci^e^", (4.10a) 

sa = d"9„a + i{jaa') + ieemn{icr"^l)^"', 
sa' — d^dntt' — i{'ya'), 

sa'^ = d'^dna'^ - {a'^-i)adma' + ^(cT'"7)«(a'xm) + ^(7(^'"7)((7m^)a + ^(7^7)(^V')a 
--Cl((7Q; ja + -Cwoc^, 

e 

sh" = d'^dy + z(7(7'"7)a„0^ 



—adna' - g'^'^a'dna' - -{a'a''a"'xn)a' - iia'a'^a') + d^dnC^ - dnd^c"" 

Miaa^^y + ^(7a')^'" - ^(7^"Xn)5" + ^(7^™7)C' + 2c^c"* + — 

sd"^ = d"a„(i"*-i(7(7"*7), 

i 11 

S7a = C?"5n7a + -jja(y'^i)Xmci " 2CL(^7)a " 2^1^70, 

scl = (i^^nCL + i(7C7"'7)(a;^ - ^(Xm0-(7"xn)) + «(csa-7), 
SCw^ = d^'dnCw + «(C57), 

SCSa = d^'dnCSa + ^i[{lCr"'l)crm + pXq " -^{Xp^Cr\l)^Xg) 



i 1 _ 1 

sf = - i{-fa')a + i{-faa')a' + ieemn{icr"'l)c^: 

and 



scT 






= 0, 




— ^ ^n/ ' 




= 0, 


SC 


= zw, 




= 0, 


SOicc 






= 0, 


sf 






= 0, 


Sd^a 


— ^ a) 




= 0, 



(4.10b) 
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Now, let us construct a gauge-fixed action. The antifields are eliminated by using the 
gauge-fixing fermion (j4.8p via equations ^\{x) = Si^'^ /6^^{x). In order to specify the 
physical degrees of freedom of the two-dimensional supergravity sector, it might be useful 
to decompose the antighost fields J'^a(x) and P"^a{x) as follows, 

(J™a = eV"„ + enaCL + e'^aCw, (4.11a) 

e 

= ra + {(T'^P)a, (4.11b) 



where we define 



— 2 a^mbi 

— 2 at^m ) 

/5m „rn r>n\ 

P a = -j{(yn(y P )a, 

The field d^n^x) is symmetric e"'md"^n{x) = and traceless 5"mJ™„(x) = 0, and the field 
P"^a{x) is (T-traceless {<Jm)a'^P"^f3{x) = 0. Then, the gauge-fixed action is given by 



'S'gauge— fixed •S'niin ~l~ •S'nonmin 

- a^id^a + ee^ug'^'^dna') - 1^(0 J)' + ee^fc^?'^"^^^'^ 

- &^{dmc + eemkg''''dnc') + ie{aa^draa') - eg^'^d^fdj 
+ ed^nd^r + eirdm^) 

+ ^(/ + aa')emnhfh^' + tee^Jfr{a'a^\') 

- eA'^Zi^^ - e5™^zS + eCZ^'^ + ie(^Z(")) 

- 2ecLCL — 2ecwCw — e{Pcs) 

- eiem" - 6m'')Z"'a + liXmZn], (4.12) 
where we redefine some of the fields as follows, 

Z^^ - MdU') - Bmnd^dka'' - d^d^'eund^ + cd^a' + d^{ca') 
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1 _ i _ 

--dmd''{a"'ana)a - -(«Xm)((x™7)a 

+-(cl - -—gkndmd'^){aa)a - -(cw - -dnd"')otc Z^\ 



o 



1 1 ^mn 

+2d^a{cw - ^dnd^) - dn(eia{(3'a^)) ^ Z'^ 



a™ - £'""9„(/a) + efg^'^'dna' - b^^^ a'" 

b" + a'^' ^ 6'^, 
c'-d^dj-^c', 



Cl - gnldmd^ Cl, 

2 e 

Cw — -dmd^ — >■ Cw 



CSa - {cr"^dm^)a Csa, 

and we denote c^{x) = ec^{x). It should be noted that we remove a BRST exact term 

from the above action. 

Using equations of motion of the gauge-fixed action ()4.12|1 . thus imposing the gauge 
fixing conditions, we consistently fix the fields as 



A™ = 5"^' = C = ^« = CL = Cvy = Csa = Xma = 0, 
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e = 5 

-b'^aa'^e^dio! + b'^a'^Eu'^dr.d + 5\a'=£fc„r/'"'9;a' (4.13) 

Then, we finally obtain the gauge-fixed action 

W-fixed = / d'a;|-ir7™"9^e'5n6 - ^(AV"^a„A,) - r^^^d^^' d^h 
-a^{dma + Sm'^dna') - bT{dmb' + e^^dnb") 

+V'^''dmkdnd'' + (^"^a„7) 

+i(/ + aa')emnbfb^' + z£„.„6r(«'^"A0}. (4.14) 

The action (j4.14j) is invariant under the following on-shell nilpotent BRST transformations 
which are obtained from ()4.1Uap and ()4.10b|) by eliminating the antifields and the auxiliary 
fields, 

= ay + d"a„e^ + z(7A0, 
s\i = a! J + d^d^Xi + {a^^)^d^e + \d^d^{a'^a^\')^ - £„„a'6"^(a"7)„ 
s<\>' = d^dn<\>' ^%{:ia^l)e^nb''\ 
s^^ = b'^ - a'i^ + 
sa = d^dnd + iipfaa'), 
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sa' — (Fdna' — ^(70;'), 

sh^ = (/ - aa')0^ + (Tdnh^ + 2i{-i\^)a - i{-faX^)a' - is"*'* (7(7^7) 9^0^ + i{'yaa')^^, 
sb" = rdnb" + i{-fX')a' + i{-fa'^-f)dm^' - iMC' , 

sd"^-rf"a„d"^-i(7C7"^7), 

S7« = cTdnla - ^{(^'^(^'^l)admdn, (4.15) 

saT = £'""((/)/9„e^ - dn<t>ii^) - a'bf(f)^ - (£"^"c - r7"*"c')9„a' - £"^"9„(ca' + c'a) 

+a„(rf"a"^) - a„rf™a" + ^£'""a„(7a) + 2^67 (7AO + ia,/(7aV"a'), 
s67 = + dnid^bT) - dnd^y}, 

sc = ^(t>'(t>i + d"9„c + ie^^dmfiianj), 

sa^ = 2((c - ccj)a')^ - c^jXi + + ^d^dn{aVcx)o^ - £^„(a™ + 67t')(^^"7)a 

+ (£'""a' + 7y'""a)a„/(a„7)a, 

sc' = d"9„c' + z(7a'"7)'9„./, 

^djfiji — '^VmniV ^kl) i 



ma -I 



where we denote 

1 i 

+d^ekmdna! + b\skmdnb'^ + c^^kmdnd - -{aamdnOi) + -(q;'(7^9„q;) 

1-3- 1-i- 

+dmfdnf - dmkdnd^ + l^d^^kdmn " ^(/5m5n7) + ^(7^m/5n) + 2^rnfe&7 ("'f^nA^ 

+(m <-> n), (4.16a) 
Jma = -i{dn^^ + enka'b''^){cr''amXi)a - 2i(^einb]dk4>^ + einc''dkf){cr^crmcr^^)a 

+2zJ^„(a'^7), + ^^d^d^'^na + C^"5n/9ma- (4.16b) 

We list below the statistics and the ghost numbers of each fields for the convenience: 
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fields 


statistics 


ghost numbers 


/ 


bosonic 


-2 


m c C' d 


fermionic 


-1 




bosonic 






fermionic 







bosonic 




a, a', b^, b'^, c™, 


fermionic 


1 
1 




bosonic 




/ 


bosonic 


2 



The ghost fields (a{x), a'{x), d"^{x), a'^{x), aa{x)^, (b^{x), b'^{x), c™'(x), c(x), 
c'(x), f{x), f{x)^ and (^(/""(x), dmn{x), la{x), f3"^a{x)^ come from the symmetries of the 
U(1)vxU(1)a, of the generalized Chern- Simons action and of the supergravity, respectively. 

We now present a perturbative analysis of the gauge-fixed action (j4.14|) and investigate 
BRST Ward identities at the quantum level. Then, we find out that nonlocal anomalous 
terms obtained from loop calculations vanish by imposing a condition which determines 
the critical dimension for this superstring model. For the explicit calculation it might be 
convenient to introduce light-cone notations on the world- sheet"'". The gauge-fixed action 
()4.14|) is then expressed with these notations 

+a+9_a+ + a_9+a_ + b+jd^b\_ + b^id^b{_ 

—d^^d^d^ — d — /3+9_7+ + /3_9+7_ 

+ (a+ + a_)(6+79_e' + b^id+^') + b+iC-(p' - b^ic+cf)' 

+ (/ + ]^a+a^)b+ibl + iV2b+ia'_X{_ - zy2L/a+A:^|, (4.17) 



where we denote 

A+ = a{, 



= A2, 



"'"Our convention of the light-cone coordinates on the -world-sheet is = ^(x°±x^). The metric tensor 



rjmn and Levi-Civita symbol are given by r/++ 
respectively. 



rj = 0, ?7_| = rj 



T and £_| 



-e 
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7+ = 72, 7- = 7l, /5+ = /3+a=l, /?- = /?-a=2, 

a± = a =F a, 
bi = b'T b", 
c± = d . 

Propagators are derived by taking inverses of bilinear parts in the action ()4.17p . 



d^p 1 



i{2'Ky + ie 
(AiWAl(,))o^/-|f;j^e-<-.„" 

(a±(x)a±(?/))o = (c±(x)c±(?/))o = -(c?±±(x)c/=^(?/))o 

e~ 



(/»/(z/))o = / e-P(^-^). 
J ^(zvr)"^ + le 

Now let us consider the following two-point functions, 

A{ph+ = / ^ (l^++(^)^++(0)) e^^^ (4.18a) 
= / ^ (^+(^)^+(0)) e^^^ (4.18b) 

where we denote J+{x) = </+«=! (a;). Here we mention that the two-point functions ()4.18a|l 
and ()4.18b|) should vanish from the point of view of the BRST symmetries V^++(a;) = 
S(i++(x) and J+(x) = s/5+(x). By estimating all of the contributions arising from (^^,0), 
(A:^, A/+), (0^ 0/), {a+, a+), (6+/, 6^), (c+, c+), (a+, a^^), (/, /), (J++, rf+) and (/5+, 7+), we 
can obtain the following result for the two-point function ()4.18aj) up to one-loop order, 

1/1 \ fn^''^ 

A(p)++ = - — - m + -D + 2L) - 2 - 2L) - 2 - 1 + 2 - 26 + 11 ^ 



487r3V 2 J p+ 

(4.19a) 

327r3 p+ ^ ' 
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Furthermore we can obtain the following result for ()4.18b|) . 



D-12 {p-y 
4v^7r3 p+ 



(4.19b) 



In a similar way we can find 



r d^r D — 12 

/■ d^r D — 12 (n'^V 

B{p)- ^ / T-^ (^-(^)^-(O)) e^^^ = ^ ^ 3^^J , (4.20b) 
J i[2Tiy 4v27r3 p 

where J_(x) = ^~a=2(a^)- Although we need to check the other two-point functions, i.e. 
A(p)+_ and B{p)^^, these two-point functions are actually divergent. However, this di- 
vergence can be absorbed adding suitable local counter terms to the action. Therefore, we 
conclude that the BRST anomalies vanish if and only if 

D = 12. (4.21) 



5 Quantization in the light-cone gauge formulation 

In this section we carry out the quantization of the classical action ()3.17|1 in the light-cone 
gauge and derive the same critical dimension of the model in the covariant gauge. In 
addition, we mention a mass-shell relation of the model. 

In the canonical formulation it might be useful to introduce the following new variables 
for the inverse zweibein fields ea™(x), 

e±™ = |(eo'"±ei"^). (5.1) 

According to the ordinary Dirac's procedure*, we introduce canonical momenta defined 
by P$A(a;) = 5l>S'/5(9o$^(x)) corresponding to fields ^^{xY, 

P^i = -e{g''^dUi - A'^i - ^(A,a'"a"x™)ea°), 

P^j = -e[g'>^'dm^j-B^), (5.2) 

*Our convention of the generalized Poisson bracket is given in Appendix C. We take the independent 
variables $^(x) as ^'{x), Xi{x), (p'ix), (f>^{x), Am{x), B^^{x), Coi(x), i^aix), e±™(x) and Xma{x). 

^For the spinor fields, we denote their two components as X^^{x) = A{(x) and XL{x) = A2(x). The 
other spinor fields also obey the same conventions. 
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and 



(5.4) 



,1^ \TT = -^e^°^/±. ^ = Pxi± + ^e^°A,± = 0, (5.3a) 

= P^- = P^^^ = P^^ = P,^^ = P^- = 0. (5.3b) 

The Poisson brackets are defined by 

{Aj_,Paj±} = {Paj±5-^±} = -^j, 

{Am, Pa"} = 
{Coi,-Pcoi} = 1; 

{e±™,Pe±J = 

The relations ()5.3ap and ()5.3b|) give primary constraints. By introducing Lagrange mul- 
tipher fields Pi{x) for primary constraints ip'^{x), canonical Hamiltonian can be written in 
terms of the phase space variables as 

'dx^l - ^ Q(P/ + A,<f)' + d,e) {P^i + A,<Pj + - Pa/+9iA; 

+ (P/ + {P^i + Bu + di^j) - ^(P/ + + d,e)\i+Xi- 

+ (P/ - (P^, + B^J - di^i) - ^(P/ + A,(P' - d^e)Xi-Xi+ 

- Aohdi^' - B',di<j)i - ^Coi^V/ - 2z(e+°e_i - eJe+')<j)j[tlj^Xl - tP+XL 

+ |(P/ + + d,e)\i+Xo^ - \{P^' + ^10' - 5ie')A,_Xo+ 

- ^/+Pa' - ^^/-Pa'- 



+ PAm-^A'" + PbIuPbT + PCoi-Pcoi + Pi}+Pip+ + PV--^^ 



V.- 



(5.5) 
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where we redefine the multipher p\j_{x) for the primary constraint (j5.3aj) as 

A consistency check of the primary constraints ()5.3aj) and (j5.3b|l yields a set of secondary 
constraints 

^ 'P/ ± d^e) (P^j ± T Pxi±diXi = 0, (5.6a) 



4 

(p/±9ie')A,± = 0, (5.6b) 

(piXi = 0, (5.6c) 

<f)id,^' = 0, (5.6d) 

0,P/ = 0, (5.6e) 

di(j)^ = 0, (5.6f) 

P/ = 0, (5.6g) 

= 0, (5.6h) 

and these secondary constraints give no other relations^. 

Let us specify the algebraic structure of the constraints. The constraints ()5.3a|) have 
non- vanishing Poisson brackets with each other 

{ei,ei} = -2ze^W', 

(5.7) 

{0L,e-l} = 0, 

and are therefore second class. Similarly, the constraints Pe^Q^x) = and ()5.6aj) - ()5.6c|) 
have non-vanishing Poisson brackets with the constraints ()5.3a|) and hence are also second 
class. However, we can take the following linear combinations for these constraints, 

^ ^^±0 + ^^^^Ai = 0, (5.8a) 
^(P/ ± {P^j ± T Pxi±d,Xi = 

^ ^(^P^^±d,e){Pij±d,^j)T{Pxii-\0i±)d,{xi + ^^ei)=O, (5.8b) 
P/±ai^^)A,± = 



■'■The consistency checks for some of the constraints determine the multiphers as functionals of the 
canonical variables. Ho^wever, these explicit forms are not important because these contributions to the 
canonical Hamiltonian might be ignored if we introduce the Dirac brackets. 
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^ (P^^ ± d^e) (A/± + ^^/±) = 0, (5.8c) 
07 Ai = 

^ 07(a4 + ^^4) =0, (5.8d) 



so that the above constraints ()5.8ap - (j5.8djl turn out to have vanishing Poisson brackets with 
the constraints ()5.3ap . Then, we can separate all of the constraints into second class ()5.3a|) 
and first class ()5.3b|) . ()5.8a|) - ()5.8d|) and ()5.6d|) - ()5.6h|) . For the second class constraints, we 
introduce the following Dirac brackets instead of the Poisson brackets. 



^ (5.9) 
JJ 



and we set the second class constraints (|5.3ap as identities. Then, the first class constraints 
()5.8a|) - ()5.8d|) are simply replaced to the original ones. 

Now we investigate the dynamics of the model defined by the canonical Hamiltonian 
(15. 5p with the first class constraints ()5.3b|) and (j5.6a|) - ()5.6h|) . Imposing noncovariant gauge 
fixing conditions, we explicitly solve the constraints to some of the variables from the 
equations of motion^. 

We begin by considering conditions for the scalar field 0^(r, cr). We find it convenient 
to introduce Fourier mode expansions of the canonical pair (0'^(r, cr), -P(/,j(t, a) 



27r „_^o 



(5.10) 



Me'""". 



Then, Poisson brackets are written by 



{0^(r),p^^Jr)} = 5^5„+„, (5.11) 
otherwise = 0. 

In terms of the Fourier modes, the constraint ()5.6f|) is equivalent to 0^(t) = 0. On the 

other hand, the equation of motion for (f)\T, a) on the constraint surface is dr<t>\T, a) = 0. 

^Hereafter we use the conventions of the world-sheet coordinates as a;*^ = r and = a. We also 
parameterize the spatial coordinate as < cr < 2tt. 
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Together with the constraint (l)ln{T) = 0, we then set the configuration of the scalar field 
as (p^ij^a) = 4>\t) = 4>^{= const.). 

We first impose orthonormal gauge fixing conditions ea™(r, a) = 6a"^ for the constraints 
Pe^^{T, a) = 0, by using the gauge parameters fc"(r, a), l{r, a) and s(r, a) for the general 
coordinate, the local Lorentz and the Weyl scaling transformations, respectively. In ad- 
dition, we can also adopt Xm±(T, o") = as a gauge fixing condition for the constraint 
-fx± (''"' ^) ~ 0) by using the gauge parameters C±(t, o") and s±{t, a) for the local supersym- 
metry and the super- Weyl scaling transformations, respectively. The bosonic U(1)vxU(1)a 
gauge parameters f (r, cr), t>'(r, a) and the global parameter ai can fix to be Am{T, cr) = 
for the constraint Pa^{t, cr) = 0, while the fermionic gauge parameters fi'±{T, cr) can fix to 
be iP±{t, cr) = for the constraint P^_|_(r, a) = 0. However, this is not the end of the story. 
The system still has residual symmetries concerned with these gauge parameters [16]. As 
we will explain below, taking these symmetries into account, we can adopt the follow- 
ing gauge fixing conditions on "two" light-cone coordinates^ of the background spacetime 
within the gauge ea'"(r, a) = 6a"^ and Xm±{'r, cr) = Amir, a) = ip±{T, a) = 0, 

r(r,a) = fr, P+(r,cr) = f , 

A+(r,a) = 0, 
A+(r,a) = 0, 

where and p'^ are light-cone components of the center of mass momenta. Therefore we 

can eliminate "two" unphysical components of the coordinates of the background spacetime 

and their superpartners. Indeed the gauge fixing conditions ()5.12j) correspond to ones for 

the first class constraints ()5.(jaj) - ()5.(jej] . 

In order to show how these conditions (j5.1'2j) are accomplished, it might be useful 

to introduce Fourier mode expansions. In the gauge ea'^{T,(T) = 6a"^ and Xm±{T,cr) = 

Am{T,a) = i'±{T,a) = 0, the dynamics of the coordinates ^^(r, cr) and A£(r, cr) turns out 

to be given by free wave equations and free Dirac equations with some constraints. For 

^From the definition of the metric 1)2. we denote the liglit-cone coordinates of the background space- 
time as — (a;"*", x~ , x', x"*", x~), where = "^(^"^ i x^^^) and x^ = -^{^^ i x^) and the index i runs 
through 1, 2, . . . , D - 4. 
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the bosonic coordinates, the solutions of the equation of motion are 



(5.13) 



2n 2\/7i ,„ 
and Poisson brackets are given by 

Wm, "«} = {oiL ««} = -imr]^'^S^+n, (5.14) 
otherwise = 0. 

For the fermionic coordinates, the solutions depend on their boundary conditions i.e. pe- 
riodic (Ramond model) and antiperiodic (Neveu-Schwarz model), 

Kir, a) = E &^e-(--^-). 



reZ+a 

where a = for Ramond and a = 1/2 for Neveu-Schwarz model, respectively. Their 
Poisson brackets are given by 



(5.16) 



{bi,bi} = {^,bi} = -^v^'6r+s, 
{HM} = 0. 

In terms of the Fourier modes, the constraints ()5.6a|l - ()5.6e|l are equivalent to 

G^ = Gr = 0, (5.17) 

hK = <Pi~K = 0. 

In the above eqs., we define the super- Virasoro generators as 

/ ,„ ^ n 



^^^^ - ^ E + W, 1':^^\Y.[^^ W 

n n 
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where we denote = = p^/(2y7r). The gauge fixing conditions (j5.12p are equivalent 

to 

x"*" = x"*" = 0, 



(5.18a) 

«m = «m = «m = «m = 0, (m ^ 0), 

and 

b+ = bf = b^ =bj = 0. (5.18b) 

Now let us explain the procedure to get the gauge fixing conditions ()5.18a|) and ()5.18b|) . 
For the fermionic sectors, within the super-orthonormal gauge, we can change the fermionic 
coordinates Aj_(r, cr) with the gauge parameters C±(t, o") provided that conditions drC+{T, cr) 
= — (9o-C+(t, 0") and dr(-{T,a) = 9(jC-(t, a) are satisfied. Here we take the following forms 
which realize these conditions. 



e 



In analogy to the bosonic U(l)v x U(1)a string case [16], the fermionic U(l)v x U(1)a 
gauge parameters ^i'±{t, a) can be also used to change the fermionic coordinates within the 
gauge ip±{T,a) = provided that conditions drii'j^ir.a) = d„fi'_^_{T,a) and drfi'_{T,a) = 
—do-fiL{T,a) are satisfied. We take the following forms for /i^(r, cr) to realize these condi- 
tions. 

The gauge transformations corresponding to these parameters are consistent with the equa- 
tions of motion for the fermionic coordinates A^(r, cr), because, in terms of the Fourier 
modes, the gauge transformations are given by 

6bl = -^Yl Cr-nai + ^^'r<P^, 

- (5.19) 

5bi = ^ E Cr-nttn + f^'r^P^ ■ 

\/vr „ 



It is worth to mention that these gauge transformations are the same ones in usual string 
theories, except for the gauge transformations corresponding to the parameters //^ and /i: 



r ■ 
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However, we would like to emphasize that these gauge transformations can be disappear 
on the following combinations, 



In analogy to taking the light-cone gauge in usual string theories, by using the gauge 
degrees of freedom for Cr and Cr, we can recursively adopt gauge conditions 

0+6+ - <p+h+ = 0, 

' ' (5.20) 

0+6+ - 0+6+ = 0, 
if the following condition is satisfied, 

0+J9+ - 0+P+ ^ 0. (5.21) 

Next we use the gauge degrees of freedom for /ij. and /i^ in ()5.19p . In order to keep the 
condition 1)5.211) one cannot vanish both of the scalar fields 0+ and 0+ simultaneously. If 
0+ 7^ 0, we can adopt the following gauge fixing conditions of the + component, 

6+ = 6+ = 0, (5.22) 

without spoiling the gauge fixing conditions ()5.20j) . From ()5.20)1 and ()5.22j) we can then 
arrive at the gauge fixing conditions ()5.18b|) . In the similar way, we also conclude the 
same gauge fixing conditions ()5.18b)l . in the case 0+ 7^ 0. Therefore we may assume the 
case 0+ 7^ throughout this paper without loss of generality. For the bosonic sectors, the 
procedure to obtain the light-cone gauge ()5.18a|) within the gauge ()5.18b|) is essentially as 
same as in the previous work [16], and therefore does not need to be repeated here. 

The gauge fixing procedures for the remaining constraints PB^ir^a) = Pcg^{T,a) = 
and ()5.6f|) - ()5.6h|) are also as same as in the bosonic U(l)v x U(1)a string model. As we 
explicitly showed in the paper [16], after imposing suitable gauge fixing conditions, the 
dynamics for the remaining phase space variables is completely determined, so that it is 
described by the zero-modes of the fields 0^(r, a) and P(I,\t, cr)( = —BI{t, cr)^, 

0^(r,a) = 0^ 

P/(r,a) = ^-Co0V, 
Ztx 
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with second class constraints 

^0V/ = O, p/ = 0, (5.24) 

where the constant Cq arises from a gauge fixing condition Cra{T,a) = —Cq. In the two- 
time physics, these zero-modes are regarded as canonical particle modes [6,8]. 

Now let us summarize the correspondence between the constraints and the gauge fixing 
conditions": 

constraints gauge fixing conditions 

Lo + Lo = 0, x+ = 0, 

Lm^Lm^O, q;+=q;+=0, (m 7^ 0), 

Gr = Gr = 0, bt = bt = 0, 

(f)ip^ = 0, x+ ^ 0, 

07Q;^ = = 0, q;+=q;+=0, (m^^O), 

(j)jbi = (l)ibi = 0, 6+ = 6+ = 0, 

i^V/ = 0, p/ = 0. 

We are now ready to discuss the dynamics of the system. 

As the constraints are quadratic in the Fourier modes, we can solve these directly and 
the dependent variables are expressed in terms of the independent variables. Here are the 
non- vanishing Poisson brackets of the independent canonical variables 

{x-,p+} = {x-,p+} = -1, 
{x\p>} = 

{bi,bi} = {bi,bi}--is''Sr+s, 

and the remaining non- vanishing dependent variables are written down as 



(5.25) 



"As in usual closed string theories, a constraint Lq — Lq = leads residual gauge invariance i.e. the 
translation along the world-sheet coordinate a. This constraint results in the level matching condition for 
physical states in quantum theories. 
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a.. 





' — 
-1 




1 


(p^p^ 


' — (f)'+p^ 
1 


(p^p^ 


' — (f)'+p+ 
1 


(f)+p~^ 


-1 


(f)+p^ 


-1 


(j)~^p^ 


1 


(f)+p^ 


' — (f)+p+ 
1 



p^(l)'ai^ - 2V^4>^L'A , (m ^ 0) , 



p+<j)'aim-2V^<P+L'n, (m^O) 



«m = _ ^+^4 - 2v^0+L^), (m 7^ 0), (5.26) 



6.^ 



r 1 1 



(p+p+ — (p-+p+ \ 

0- = -Xu+(f)- - - 



r I ) 



where transverse parts of the super- Virasoro generators L^^i^ -^rn^*'' + -^m -^m(= -^m''*'^ + 
L(^)*0, G'r' and G'; are defined by 



im+ri 



Now let us investigate the symmetry of the D-dimensional background spacetime. The 
generators for the translation and the Lorentz transformation are derived from the classical 
action ()3.17p . In terms of the Fourier modes, these are 

= /, (5.27a) 

-(/ ^ J). (5.27b) 

Using the independent canonical variables, the Poincare algebra ISO(D — 2, 2) is satisfied, 
{P^P^} = 0, 
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(5.28) 



if a constraint L^q = L^q is imposed. The gauge fixing procedure we considered is the way 
to preserve the full D-dimensional Poincare symmetry. 

According to the ordinary string theories in the light-cone gauge, we have to examine 
Poincare algebra ()5.28|) in the quantum theory [24]. The checking of the Poincare alge- 
bra is again straightforward, except for commutation relations [M^~ , M^~], [M^~ , M^~], 
[M^~ , M^~], [M^~,M ] and [M*~,M ]. The explicit forms of these Lorentz generators 
are given in Appendix D. After lengthy computation, we can obtain the following results, 

T 2 



,2 



+ ^2 



[M'-,M^ 
[M'-,M- 
[M'-,M' 
Anomalous terms A^^ are 

/ oo oo 



i5'm— - - 
( 



47r0"' 

+P+ — (/)+J9+) 



(5.29) 



h+p+ - (t)+p+Y" ' 
47r0+0j 



A'K 



\ m=l 
/ oo 1 

Ay.- 



' 2 



P) -4 



, m=l 



+ E^-r^' (:4':-:4'■:+«o + ao- 



P -4 



P — 4 

+ E + E ^-r^' - ^^'^ +«o + ao — 



\ m=l 

(z 



m 



(5.30a) 



for (NS, NS) sector, which means both right and left movers satisfy the Neveu-Schwarz 
boundary conditions. 



A'^ = -( E + 



m=l 
oo -j^ 



V m=l 



—m m 
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1 \/. 

\ m=l r=l ^ / ^ 

-(^^j), (5.30b) 

for (R, R) sector and 

(CO oo °^__\/n 4\ 

— .r=_ r— 

+ E -o^-m< + E b-rK ]iL'^-- - +«o + 5o - ^ 

V m=l „_ 1 / ^ « / 

\ f ~ \ 

+ E + E ^-r&r + M h^': " ^^'^ +«0 + 

\ m=l r=l ^ / ^ ^ 

(5.30c) 

for (NS, R) sector. The constants oq and oq denote the ordering ambiguity of the operators 
V^Q and V^Q by adopting the normal-ordering prescription, 

V'q — > :Lq'': — ao, V'q :Lq'': — clq. 

The level matching condition for physical states is now expressed as 

■.L'^:-ao=:t^:-~ao, ^ N - = N - a^, (5.31) 

where number operators and are defined by 



oo oo 



= E "-m"im + E '^^-r^ir, ^ = E "-m"im + E "^^-Av 

m=l reZ+a>0 m=l rGZ+a>0 

Imposing the level matching condition ()5.31|) . the anomalous terms A^^ vanish on physical 
states if and only if 

ao = Oo = -, ((NS, NS) sector^, 

D = 12, ao = So = 0, ((R, R) sector), (5.32) 

ao =2' ^0 ~ 0' ((NS, R) sector). 

Then, the Poincare algebra ISO(10, 2) is satisfied in the quantum theory. 
A mass-shell relation of this superstring model is given by 



^2 _ _plp 



I 



= 47r(A^ + iV-ao-ao). (5.33) 

As a common future of our string models [16] and the two-time physics [5], on-shell degrees 
of freedom are equivalent to usual string theories, because our extra spacetime coordinates 
are introduced by the "gauge" symmetries. 
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6 Conclusions and discussions 



We have explicitly constructed the U(1)vxU(1)a NSR superstring model by using the su- 
perfield formulation and discussed the quantization of the model. Even though the system 
had reducible and open gauge symmetries, we have shown that the covariant quantization 
has been successfully carried out in the Lagrangian formulation d la Batalin and Vilko- 
visky. Furthermore we have presented the noncovariant light-cone gauge formulation and 
investigated the symmetry of the background spacetime. With careful considerations of 
the residual U(1)vxU(1)a gauge symmetries, we have specified the gauge fixing conditions 
corresponding to the first-class constraints. Under these suitable conditions, we have been 
able to clarify dynamical independent variables and solve the first-class constraints explic- 
itly. Although manifest covariancc has been lost, we have confirmed the full D-dimensional 
Poincare algebra of the background spacetime by direct computation. 

Since the quantizations of the model have been successfully carried out, we could argue 
the critical dimension of the superstring model. In our case, it turns out to be 10-1-2. 
This means the background spacetime involves two time coordinates. Conversely, the 
requirement of two negative signatures in the background metric is natural one due to the 
gauge invariance of our model. The critical dimension has been obtained from both the 
BRST Ward identity in the BRST formulation and the D-dimensional quantum Poincare 
algebra in the noncovariant light-cone gauge formulation. Therefore, we have concluded 
a consistent quantum theory of our U(l)v xU(1)a superstring model has been formulated 
in 10+2-dimcnsional background spacetime. We have also discussed the quantum states. 
Contributions toward the mass-shell relation from zero-modes of the scalar field 4>^{x) are 
completely canceled, so that our superstring model possesses the same spectra as usual 
string theories. 

We propose our string models as devices to formulate the physics involving two time 
coordinates and to search for a fundamental theory with an underlying complex nature of 
spacetime which would be linked via dualities to M-theory, type II string theories and F- 
theory from higher-dimensional points of view. Our explicit Lagrangian formulation might 
be a clue to understand spacetime itself. 

The classical actions and the gauge symmetries of our string models strongly suggest 
that these model should be more naturally defined in higher-dimensional field theories, 
namely, that membranes or p-branes are more fundamental than strings in our formula- 
tion. From the point of view of constraint algebras, the action might be derived from a 
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membrane action by adopting a compactification prescription. In this case, Kaluza-Klein 
fields which arise from the compactification might correspond to the gauge fields in our 
present formulation. 

One of the remarkable features of our higher-dimensional formulation is that models 
are allowed to have pairs of the extra time and space coordinates. Therefore, by applying 
our mechanism, one can construct a succession of supersymmctric models formulated in 
background spacctimes, involving some time coordinates, where Majorana-Weyl fermions 
can live consistently. 
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Appendix A. Two-dimensional world-sheet 

We denote the characters a, 6, c, • • • and m,n,l, - ■ ■ as flat local Lorentz and curved 
spacetime indices, respectively. 

The two-dimensional flat metric rjab and Levi-Civita symbol Sab are given by 




(A.l) 



As the two-dimensional Clifford algebra, the cr-matrices satisfy 



(A.2) 



Their explicit representations are 




and 




The spinor metric is given by 




(A.3) 
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and the spinor indices are raised or lowered by using the metric rj"'^ and r]a/3*, 

r = 9^71^^, 9^ = VapO^ (A.4) 
A bihnear form of spinors 9 and x is defined by 

where A^^- denotes any products of the cx-matrices. An integration of spinor coordinates is 
given by 

Jd^9 = ^Jd9^d9\ (A.5) 

and its normahzation is defined by 



J d?9{99) 



1. 



One can introduce an orthonormal basis "zweibein" one-form field of the local Lorentz 

flame for each cotangent space of two-dimensional spacetime 

= dx"*e„^ (A.6) 

where the indexes a(= 0, 1) and m(= 0, 1) label the local Lorentz flame and curved space- 
time, respectively. Orthonormality for the zweibein e^"(x) implies 

mn a b ^ ab 
y '^m '^n '/ ) 

by using inverse metric g'^"'{x). One may assume the invertibility of the zweibein, 

a n rn m b rb 

In the curved spacetime, the metric gmn{x) and the Levi-Civita symbol e™" are given by 

n — p "-p u p"^" — pp "^Pi"p«^ p —\p"-p^c-^ ( M\ 

ymn — '^m '^n 'lao-i — c-c-a c(, c , c-mn — '^abi \ ' ) 

e 

where e{x) = detem'^{x) — yj—g{x). One might prefer to use the Levi-Civita tensors, 

cmn — \^mn c = pc 

e 

The zweibein em"(x) allows to covert the local Lorentz indices to the spacetime indices and 
back, 

A<i — p a /im Am _ \a m 



*One might prefer to regard the equation 6*" = dj^r}^'^ as tlic Dirac conjugate relation ip = ip^a'^ = tp'^C, 
where the spinor ip is a. real (Majorana) spinor and the charge conjugation matrix is defined as C = C7°. 
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One can also define cr-matrices in curved spacetime a'^{x) as 

a = a Ca . {-^■°) 

The zweibein obeys the following S0(1, 1) local Lorentz transformation 

5e^" = leje,% (A.9) 

where the symbol Eh"' is a generator of the vectorial representation for the local Lorentz 
group S0(1, 1) and the function l{x) is a corresponding gauge parameter. In order to 
define a covariant derivative on the local Lorentz group, a spin connection one- form u!j'{x) 
is introduced as 

= dx^^UmSa' = C^^a', (A.IO) 

and its local Lorentz transformation is defined by 

Sum = dml- (A. 11) 

The connections allow us to define covariant derivatives acting on the local Lorentz indices 
as 



b 



^ruAa = ^rr^Aa + C^m^a'A, (A.12) 

whereas covariant derivatives acting on the ordinary curved spacetime indices are defined 

by 

^mAn — dm An — T^rnnAl^ (A. 13) 

^mA^ — 9mA^ + r"^;74', 

where the coefficient VK^nix) is usual Christoffel connection. From the equivalence for the 
covariant derivatives between local Lorentz flame and curved spacetime flame, one can 
obtain the following relation between spin connections and Christoffel connections, 

r mn ipm^n ^m^n ); (A- 14) 

or equivalently 

V„e„" = 0. (A.15) 
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In ()A.15|) . we use the following definition for the covariant derivative for the field Am"'{x) 
involving "mixed" indices, 

Vm^n = dmAn — T mn^l ~ '^m^n ■ (A. 16) 

In two-dimensional case, the metric compatibility which corresponds to Vkgmn{x) = is 
automatically satisfied by the following way 

^ mXlab 

= ^m^a'Vcb + ^m^b^Vac 
= 0. 

The torsion two-form T°'{x) and the curvature two-form Rj'^x) are then defined as 

= de" - uoe^eiT = -^e^e'Tbe", (A. 17a) 

Ra" = dUa' + LUa'cuJ' = -^eVi^,rfa^ (A.17b) 

In the curved spacetime, the torsion components are given as 

/ ^ Irp a 

- mn 



mn — 1 

\'-'m^n 

rl "p/ 



ea \ Omen" " iOmenSb'' - [m ^ 71 



If one impose the usual torsion free condition Tmn{x) = 0, the spin connections ujm{x) are 
expressed in terms of the zweibein fields 

cOm = -eams'^'dner. (A.18) 

e 

In addition to the above definition for the covariant derivative on the bosonic fields, one 
can also define covariant derivatives acting on spinor fields. The generator of the spinorial 
representation of the local Lorentz group S0(1, 1) is given by ^(a)^'^. The local Lorentz 
transformations of spinor fields are then given by 

2 (A.19) 

6r = -^/(^v^)" 
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Prom these transformations, one can define the following covariant derivative acting on the 
spinor fields ipai^) a-nd ip'^{x), 

2 (A.20) 

One can easily check the metric compatibility for the spinor metric r/"^ and 7]ai3-i 

^mVaP = V^77"^ = 0, 

and the following covariant constant relations 



Appendix B. Geometry of superspace 

In order to construct supersymmetric theory on the two-dimensional world-sheet, we 
use the (1, 1) type superspace with coordinates ^ (x"", 9^") (m = 0, 1; = 1, 2). The 
coordinates x'^ and 9^ are bosonic and fermionic, respectively, 

where \M\ is a Grassmann parity of the coordinate z^^ . 

One can define a differential p-form in (1,1) superspace as 

^{z) = dz^- • • -dz^^^M.-.M,!^), (B.2) 

pi 

where the coefficient function •■■Mp(-2) is "graded" antisymmetric in its indices, due to 
the "graded" anticommutativity of the differential forms, 

dz^dz^ = -(-)l^ll^ldz^dz^. 

The exterior derivative for the p-form is defined by 

,('_lP(p-l)/2 

d^z) = dz^5i(^^^^ dz^^ • • •d^^^$M,..M,(^)) 

) 

'-dz^" ■■■dz^'dz^dL^z). 



pi 

(_)(P+l)p/2 
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Under the "usual" wedge product of p-form ^(z) and g-form ^{z), 



<^{z)^{z) = 



'—yip 



-l)/2+q(g-l)/2 



piqi 



-dz^- ■ ■■dz^'^^M.-MM^z'''' ■ ■■dz'''^N,-N,{z)^ 



the Leipnitz rule for the product of p-form $(^) and g-form ^(^) is given by 

dmz)'^{z)) = d$(;2)*(^) + {-f<^{z)d'^{z). 

At each points on superspace, a local Lorentz frame is defined by introducing a vielbein 
one-form 

E^{z)=dz''EM^{z), (B.3) 

where the indices A — {a, a) {a — 0,1; a — 1,2) denote the local Lorentz flame. The 
vielbeins Em^{z) are invertible superfields 



Em''{z)E/'{z) = 5m\ E/'{z)Em^{z) = Sa''. 



N 



M I 



(B.4) 



In the local Lorentz frame, the exterior derivative is written by 



d^dz'^dM^E'^dA, 



(B.5) 



where we denote the derivative Sa as 



^A = Ea^Om- 



The "graded" Lie bracket is given by 



[dA,dB} = CAB''dc, 



(B.6) 



where 

Cab'' ^ (dAEB'')E^'' - 
The vielbeins obey the following local Lorentz transformations, 

SE^{z)=E^{z)L{z)eB^, 

where the generator of S0(1, 1) local Lorentz group is defined by 



\ 



£a' 



(B.7) 
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and the superfield L{z) is a gauge parameter. In order to define supercovariant derivative 
on S0(1,1) local Lorentz group, a connection one-form is introduced as 

QA^'iz) = dz^nM{z)eA'' = n{z)eA'', (B.8) 

and its local Lorentz transformation is defined by 

SnM{z)=dML{z). (B.9) 

The connections allow us to define supercovariant derivatives on scalar field ^{z) and vector 
fields ^^(z) and ^^(2:) as 

V^A = d^A + ^sa'^'^b = E''(dc'^A + ^cSa'^'^b) = E^'Vc^A, (B.IO) 
= d^^ - Q^^sb^ = E^i^dc^"^ - Qc^^^Eb^) = E^Vc^' 



where we denote ^a{,z) = Ea^^n{,z). 

The torsion two-form T"^(z) and the curvature two- form Ra^{z) are then defined as 

= VE^ = —E^E^Tbc^, (B.lla) 

Ra"" = dfiA^" + n/'^c'' = -^E^'E^Rcda''. (B.llb) 

In the local Lorentz flame, the torsion and the curvature are explicitly given by 

Tbc"" = -Cbc^ - ^BSc^ + (-)l^ll^lfic^i,^, 

RcDa"" = {dc^D - - CcD''^E)eA'' 

The torsion and the curvature satisfy the Bianchi identities 

VT^ = -E^Rb^, (B.12a) 
VRa^ = 0. (B.12b) 

Because the tangent group S0(1,1) is Abelian, the identity ()B.12b|) becomes trivial relation. 
On the other hand, the identity ()B.12a|) becomes the following nontrivial one in the local 
Lorentz flame, 

VaTbc"" + (-)I^i(i^i+i^i)PbTca^ + (-)I^i(i^i+i^i)PcTa^^ 

_ D D ( \\A\i\B\ + \C\) ID D ( \\C\{\A\ + \B\) o D 
— -J^ABC - {-) ^BCA - [-> i^-CAB ■ 
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The dynamical variables of two-dimensional supergravity are the vielbein Em'^Iz) and 
the connection Qm{z)- The degrees of freedom of these superfields are 80 = (4 x 4 x 4) + 
(4x4), because two bosonic fields and one Majorana spinor field are contained in one 
single superfield. In order to clarify true physical degrees of freedom, it may be useful to 
impose the following kinematic constraints on some of the torsion components Tab^{z), 



rji a rji a 
-Lfij - -L-yP 






J^bc — —J-cb 


= 0, 


(B.13) 


rp a rp a 

J/37 - ^7/3 


= 0. 





These constraints reduce the degrees of freedom to 24 = 80 - (^(2 x 3 x 4) + (2 x 1 x 
4) + (2x3x4)^. Other torsion and curvature components are determined from the above 
constraints by introducing one single scalar superfield S{z) [17]: 



rp a 

J-Pc — 


rp a 

—J-cP 


= 0, 




rp a 

J-b-y — 


rp OL 
— -l-'yb 


= -^{(^b)^'^s, 


(B.14) 


rp a 

J- be — 


rp a 

— J-db 







and 

FaP — Fpa — ii0')al3S, 

Fab = -Fba = ^{aah)JVf,S, (B.15) 
i -1-2 

Fab — —Fba — -^SabT^°"^aS + -^ab'S' . 

Under the super-general coordinate and the super local Lorentz transformations, the 
vielbeins Em^{z) and the connections ^m{z) transform as 

6Em^ = K^OnEm^ + SmK^'En^ + Em^'Leb^, (B.16a) 
5^1m = K^Bn^m + OmK^^n + OmL, (B.16b) 

where {z) and L{z) are local parameters for the super-general coordinate and super 
local Lorentz transformations, respectively. If one denotes these gauge parameters as 
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and use the degrees of freedom for the parameters k^i)p{x), k^2){^)j ^(i)p(^) ^(2)(^)> 
and l(^2){x), one can impose the following Wess-Zumino gauge, 

V = + ^^'^p/ + 0{9')^ (B-17) 

where -E'p^"(x) = Ep^°'{x) = Epp°'{x) and cc;p/,(x) = cc;;,p(x). Since the degrees 

of freedom of the Wess-Zumino gauge are (2 x 2) + 2 + (2 x 2) + 2 + 2 + 1 = 15, the 
remaining degrees of freedom are 24 — 15 = 9 and the remaining gauge degrees of freedom 
are 20 — 15 = 5 which wc should specify later. We identify these 9 degrees of freedom to 
the following field contents, 

Em°'\0=o = Cm"' , (zweibein), 

E^"|e=o = ^Xm", (Rarita-Schwinger field), (B.18) 
S\g=o = A, (auxiliary field). 

By using these independent variables e^"(x), Xm°'{x) and A{x), we can then determine all 
of the field variables: 

• vielbeins: 

^m" = e^" + iiea^'xm) + '-mem'' A, 



E^" = 5/-^(^^)(5/A 
inverse vielbeins: 

Ea"^ = er - \{ea^Xa) - ^(^^)(Xa<TV-Xn), 

E^ = -^^^(a™),,-l(^^)(aV™Xn)a, 

Ea^ = -\xa^ + \{e<J^Xa)Xn' + ^(^^a)^^ + ^(^^)'^^a 

+ ^(^^)(Xa^V"X/)Xn'^ - ^(^^)(Xa^"^)'^c:'n - ^(^^)(w„)^ 

E^^ = 5a'^ + |^'(fT")A«Xn'^ 

+ ^(^^)(<7V"x/)aXn'' - \m{<y''^)<^''^n - ^(^^)<^aM. 



(B.19) 



(B.20) 
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• connections: 



% % 

= Cjm + ^{Oo-amV) + - {eaXm)A 

-^man^ne'^'diA + -m)uJmA - \{ee){vaa^a^x^) , (B.21) 
4e 4 8 



% = \e\a)^,A. 



auxiliary field: 



In the above relations, we denote 



s = A + i{ev) + -{ee)B. (B.22) 



B = ^e^'^d^cu^ - '-{va^Xm) - ^^e"^''iXmCrXn)A + ^A^ 

where ujm{x)(^ = \eam£^^dnGi^{x)^ is the usual torsion free spin connection defined via 
(IA.18|) . The covariant derivative on spinor fields is defined by ()A.20|) . except for using 
the connection uJm{x) instead of the torsion free connection ujm{x)- It is worth to mention 
that since E^°'{z) is essentially Kronecker delta between /i and a indices, spinor indices 
might be written either /i or a in the Wess-Zumino gauge. 

In addition to the above super-general coordinate and super local Lorentz transforma- 
tions, one can define the super- Weyl scaling transformation [17], which is consistent with 
the kinematic constraints ()B.13|) . 

2 2 (B.23) 

= Em'^sJ'V.S + EM''{a)a''VpS, 

SS = SS- iVV^S, 

where S{z) is a scalar superfield parameter for the super- Weyl scaling. If one expands the 
scalar superfield S{z) by the following way, 

s = s + iiers)+'-{ee)s, (b.24) 
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9=0 






9=0 


= c, 




9=0 


= 1, 


-51, 


9=0 


= S, 




9=0 





the auxiliary field A{x) can be gauged away by using the gauge degree of freedom s{x). At 
this stage, we have 8(= 9 — 1) degrees of freedom and 8(= 5 + 3) gauge degrees of freedom. 

Now let us specify residual gauge symmetries. As we have explained, we still have 8 
gauge degrees of freedom and then identify these to the following gauge parameters, 

(general coordinate transformation), 
(local supersymmetry transformation), 
(local Lorentz transformation), (B.25) 
(Weyl scaling transformation), 
(super- Weyl scaling transformation). 

In order to preserve the Wess-Zumino gauge, the other components of the gauge parameters 
should be determined as 

-^{ee){xkC7'a'0xr, (B.26) 
L = l- i{ea'C)ooi - t{eas) - '-iee)ivaC) - ^{99){xk<j'<j\)(:^i: 

S^s + i{9s) + ^{99)e'^''{CaWmXn). 
2e 

In particular, the residual symmetries of the supergravity multiplet e^"(a;) and Xm°'{x) are 
given by 

Sem" = ra„e^" + 9^Pe„» + tiCa'^Xm) + lejsb" - se^\ (B.27a) 

SXm'' = A;"a„Xm" + dmk^Xn'' + 2(V„C)" " \K^XmT ' ^^Xm" - (fT^s)" (B.27b) 

One may introduce a scalar superfield $(2;) and a spinor superfield ^a(;2) as 

^^(f) + i(9K) + ^{99)G, (B.28a) 
= + t9aX' + t{a9)aX + ^(a™^)„i^ + {99)^1^^. (B.28b) 

The super-general coordinate, super-Lorentz and super- Weyl transformations are given by 

5^ = K^On^, (B.29a) 
= K^'dN^a - lL{a)J^p + ^S^a, (B.29b) 
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In the Wess-Zumino gauge, one can express these transformations for the component 
fields, 

(5(/, = A;"9„0 + i(C«), 

= A;"9„«;„ + {(T'^C)a{dm(t> - |(Xm«)) + CaG - ]^l{^l^)a + (B.30a) 



and 



Sijja = A;"9„4 + f (X' + Xa + i„.a"^)C) - b{^^)a + J^a, 



a 2 ^ 2 



-^(CaV^(X' + + Aia')xn) - ^(sa^^), (B.30b) 

1 3 1 

--l{aiP)^ + + -((X' + Xa)s)^, 

where we denote the covariant derivative for the vector field Aa{x) = ea^Ajn{x) as 

The super determinant E{z) is defined by 

E = sdet£;M^ = det det E^^" 

= e + '-eiOa^Xm) + ^e(^^)yl + i(^^)£--(x^axn). (B.31) 

It might be useful to give the following relation for the checking of the gauge invariance 
of the action in the superfield formulation, 

I d^OEV-^o. = dm {eg^'^Ar, - ^^"^"(V'^Xn)) , (B.32) 
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for an arbitrary spinor superfield '^a{z) defined by ()B.28b|l . We also give the following 
relation, 

{a)'^^V^Vfs^ = 0, (B.33) 
for an arbitrary scalar superfield ^{z). 

Appendix C. Generalized Poisson bracket 

A generalized Poisson bracket [26] is defined by 



{F, G}-i^ ^^^^ ^^^^ ScpO^^ ^ [ 69^ 5Peo. ^ 5Pe^ 66" ) ' ^^'^^ 

where canonical variables cp"^ and are bosonic, and 6"' and Pe^ are fermionic. In the 
above definition the contraction of the indices contains the integration of space or spacetime 
and \F\ is the Grassmann parity of F. This generalized Poisson bracket will be replaced 
by the graded commutation relation multiplied by —i upon quantization, as usual, 

{,}--[,}• (C.2) 

t 

The explicit forms of the basic Poisson brackets are given by 

{^\p^,} = -{p^,,cp^} = 5i, 

{r,p,,} = {p,,,r} = -5|. 

The algebraic properties of the Poisson bracket follows: 

{F,G} = -(-)l^ll^l{G,F}, 
{F, G1G2} = {F, GijGs + G2}, 
{F,F2, G} = F,{F2, G} + GjF^. 



Appendix D. Lorentz generators in the light-cone gauge formula- 
tion 

We give bellow some of the explicit operator forms of the Lorentz generators in the light- 
cone gauge formulation: 
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(NS, NS) sector: 



( - <i>^r + y<pj) 



p 



,+ 



-X p 



^p^ — (p'^p'^ 



2 - ' (p-<-p-< 



P^(Pk 



OO 1 



A; k i 

OL — OL OL 
m m —m m 



P^h 

— 



OO -I 



(OO -1 



—m m —m m 



. 2V^(/) 



- 0+ 



m m 



M*- = x' 



(p+{(p+P+ - (t)+P+) 

27r0+ 







(iL*"-; + iL*-": -ao - oq) 



-a; p 



P Ou 



OO 1 



a*^ — a' 

m m —m m 



—I 



(f)+p+ -(f)+p+\^im 



m —m m 



m —m m 



m=l 



m m 



+ E (^-.^'' - b-X) 

OO 

+ E {b-rG': - G'lX) 

' 2 

OO 

+ E (^-r^' - ~^-rK) 

OO 



,+ 



p+ — (p+p~ 



" (0 p^ ~ (t^p' 



+ E (&-.^' - ^-rK) 

00 

+ E [b-rG': - g^k) 

00 

+ E (^-.^' - ~b-rK) 

' 2 

00 



+0^^- + -^(0+0- -^0^0, 



(D.la) 



(D.lb) 



M = x~ 



p-Tp-^ 



27r0+ 



(j)+{(i)+p+ - (t)+p+) 



.(0+0- --0^0,) - 

(:4'^: + :L^-ao-ao)) 
0+0- _ 10^0.) _ 



^p'^ — cp'^p' 



p-i 



■(0 p+ - 0^Pj) 



(l)+p+ — (f)+p+ 



(0 p+ - 0^Pj) 
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2^*^ (.Ttr. I .ftr. ^ ~ 



' 2 



^ 2 

1 1 

+ (D.lc) 

(R, R) sector: 



■(:4^: + :L^-ao-ao)) 



00 1 

00 1 



+i ^^5:!^ { V -fa* -a^ a' 



00 

r=l ^ 



+ ^\G': - + - {^,G% - Gl% 



r=l 

+(t>%- - (t)-p4,\ (D.2a) 
P^P'^ f 1+1- 1 \ P'^ 



(:4^: + :L*o'^:-ao-ao)) 



— 



00 1 
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OO -1 

r=l 

CX) -1 

r=l ^ 

00 1 

y ±(a^ a'' - a'' ) 



P (pk 
-I— 



00 _ _ 1 



r=l 



r=l ^ 



271(1) 



+ 



(f)+p+ — (j)+p- 



.(:4'-: + :Z*^:-ao-ao)) 



■(:4'-: + :L^-ao-ao)) 

I • 2Vi0,- / ^ 1 / tr \ 

(j)+p+ — (p+p+ \ ' 

+ E (^-.^r - + - {V^G'^ - G'^li) 

r=l ^ 

00 _ _ 1 _ _ 

+ E (^-.G*^ - &%V;) + - (6^oGo' - 
• (NS, R) sector: 



27^0^ 



■(:4^: + :L*'^:-ao-ao)) 
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-X p' 



+i 



OO 1 



OO 



: 

0- 



m 

OO 



2 

OO 



OO 1 



— X 



(j)+'p+ — (f)+p+ 
P+P+ 



OO _ 1 

r=l ^ 

OO -1 

E-(«-n.^J^-^-n.<) 



m=l 

OO 



r=l ^ 



(D.3a) 



,+ 



(iL*"-; + -ao - Oq) 



-(0 p+ - <\Pp^ 



— 



2 



(l)+p+ — 0-f 



) + E {b'.X - btrK 



—I 



(f)+p+ -(f)+p+\^im 

(OO -1 
E-(«^ 



OO 1 OO ^ 

E - + E - 
^— 1 '''' 1 / 



(f)+p+ - (/)^ 



m m —m m 



) 



oo__ 

r=l ^ 



2v/^(/>+ 

— 



OO -| 

E-(' 



~ « r tr r tr ~i 
(^-m^m - ^-m<^m 



m=l 

OO 



r=l ^ 



M- 



— X 



(D.3b) 



p' p' 
(l)+{(l)+p+ -(j)+p+) 
27r0+ 



p-i 



^p'^ — cp'^p' 



■((/) p+ - (l)^pj) 



(■.L'^: + :L'^:-ao-ao)^ 
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+x 



(f)+p+ — (f)+p+ 



p+ - 



27r0+ 

_ (f)+p+ 



_ (l)+p+ 



m=l 

oo 



OO -| 

/ , {^—m-^m ^—m^raj 



m=l 

CX) 



r=l 



1 1 



(D.3c) 
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